Introduction and Summary
This article concerns the local and global geometry of gradient Kahler Ricci solitons, i.e., Kahler metrics g on a complex n-manifold M that admit a Ricci potential, I show (Proposition 6) that a necessary condition is that there exist p-centered holomorphic coordinates z = <<w<on a p-neighborhood U C M and real num bers hi,...<,h<n such that, on Uw<<,
In other words, Z must be holomorphically linearizable, with real eigenvalues. ^
In such a case, if Lz T = hT where h is a constant, then h = hi + • • • + hn. I show (Proposition 7) that, moreover, in this case, one can always choose Z-linearizing coordinates as above so that T = dz1 A • • • A dzn.
Thus, the possible local singular pairs (Z, T) that can be associated to a gradient Kahler Ricci soliton are, up to biholomorphism, parametrized by n real constants.
Using this normal form, one then observes that, by taking products of solitons of dimension 1, any set of real constants (hi,..., hn) can occur (see Remark 9) . Since, for any gradient Kahler Ricci soliton g with associated holomorphic data (Z, T), the formula Ric(#) = LRe(^) g holds, it follows that if g is such a Kahler Ricci soliton de fined on a neighborhood of a point p with Z(p) = 0, then hi,..., hn are the eigenvalues (each of even multiplicity) of Kic(g) with respect to g at p.
However, this does not fully answer the question of how 'general' the solitons are in a neighborhood of such a p. In fact, this very subtly depends on the numbers hi. For example, if the hi G R are linearly independent over Q, then any gradient Kahler Ricci soliton g with associated data (Z,Y) defined on a neighborhood of p must be invariant under the compact n-torus action generated by the closure of the flow of the imaginary part of Z. This puts severe restrictions on the possibilities for such solitons.
At the conclusion of Section §3, I discuss the local generality problem near a singular point of Z and explain how it can best be viewed as an elliptic boundary value problem of a certain type, but do not go into any further detail. A fuller discussion of this case may perhaps be undertaken at a later date. This case has been studied before by Cao and Hamilton [6], who proved that this point p is a minimum of the Ricci potential /, that / is a proper plurisubharmonic exhaustion function on M (which is therefore Stein), and that, moreover, the Killing field J(V/) has a periodic orbit on 'many' of its level sets.
(1) Of course, it is by no means true that every holomorphic vector field is holomorphically linearizable at each of its singular points.
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For simplicity, the Ricci potential / will be be normalized so that f(p) = 0, so that / is positive away from p.
I show (Theorem 3) that under these assumptions there exist global Z-linearizing coordinates z = (zl) : M -> Cn, so that M is biholomorphic to Cn (which generalizes an earlier result of Chau and Tarn [8] ). (2) Moreover, as a consequence, it follows that every positive level set of / has at least n periodic orbits of J(V/), a considerable sharpening of Cao and Hamilton's original results.
This global coordinate system has several other applications. For example, I show that there is a Kahler potential <j> for g that is invariant under the flow of J(V/) and that this potential is unique up to an additive constant. (Which can be normalized away by requiring that (j)(p) = 0.)
As another application, I show how to normalize the choice of Z-linearizing holomorphic coordinates up to an ambiguity that lies in a compact subgroup of U(n). This makes the function \z\ well-defined on M, so it is available for estimates.
As an illustration of such use, I show that there are positive constants r and oi, a2, &i, 62, ci, and C2 such that, whenever x<<^*ù< ri.4 ai log x< <;:!^^^^ < a2 log w< << h log I z < d(z,0] < b2 log I \z\ 5
<:ù log Id \2 ^c<<<< <C2 f}og\z\\ .2 << I also give some bounds for a\ and a2-Perhaps these will be useful in further work.
The toric case.
-This section studies the geometry of the reduced equation in the case when a gradient Kaher Ricci soliton g defined on a neighborhood of 0 E Cn has toric symmetry, i.e., is invariant under the action of Tn, the diagonal subgroup of U(n). This may seem specialized, but, for example, if the associated holomorphic vector field is where h = (hi,..., hn) and the real numbers h±,..., hn have the 'generic' property of being linearly independent over Q, then g has toric symmetry. Thus, metrics with toric symmetry are the rule when Z has a 'generic' singularity.
I first derive the equation satisfied by the reduced potential, which turns out to be a singular Monge-Ampere equation. (The singularities are, of course, related to the singular orbits of the Tn-action.) I then show that, nevertheless, this singular It is a pleasure thank Hamilton for his interest and to thank Columbia Universitv for its hospitality.
Associated Holomorphic Quantities
In this section, constructions of some holomorphic quantities associated to a gra dient Kahler Ricci soliton g on a complex n-manifold Mn with Ricci potential / wil be described.
2.1.
Preliminaries. -In order to avoid confusion because of various different con ventions in the literature, I will collect the notations, conventions, and normalizations to be used in this article. A real-valued inner product (,) on a real vector space V can be extended to Vc = C <S> V in several different ways. A natural way is to extend it as an Hermitian form,
i.e., so that
and that is the convention to be adopted here. If the real vector space V has a complex structure J : V -• V, then Vc = V^GV0'1 where V1,0 is the +i-eigenspace of J extended complex linearly to Vc while V0,1 is the (-i)-eigenspace of J. It is common practice to identify v G V with v1,0 = v -i Jv G V1'0, but some care must be taken with this.
For 
Note that gijdzi(S)dzj = g -2iÜ.
The Ricci tensor Ric(p) is J-compatible since g is Kahler, and hence has a coordinate expression Ric(#) = RjkdzJodz* where Ä = Rkj-Its associated 2-form p is computed by the formula
While p is independent of the coordinate chart used to compute it, the function G does depend on the coordinate chart. The scalar curvature R(g) = tro(Ric(^)) has the coordinate expression
and satisfies <p^ùm x<< = 2n p A CI n-l Then H = log det(hij) is of the form
(2.12) H=G+J+J
where J is the log-determinant of the Jacobian matrix of the change of variables from z to w, i.e.,
It follows that every point of U has an open neighborhood V on which there exists a coordinate chart w for which -H = f, the Ricci potential.
• Definition 1 (Special coordinates). -Let g be a gradient Kahler Ricci soliton on M with Ricci potential /. A coordinate chart (U,z) for which logdet(^j) = -/ will be said to be special for (#, /). with the property that
Proof. -For any two (#, /)-special coordinate charts z and w on the same domain U, the ratio of their corresponding holomorphic volume forms is a constant of modulus 1. The volume forms of special coordinate systems are thus the sections of a flat connection Vo on the canonical bundle of M, i.e., the bundle whose sections are the holomorphic volume forms on M. Since M is simply connected, the canonical bundle of M has a global Vo-flat section T that is unique up to a multiplicative constant.
By construction, T satisfies (2.15). Its uniqueness up to multiplication by a constant of modulus 1 is now evident.
• Definition 2 (Associated holomorphic volume forms). -Given a gradient Kahler Ricci soliton g with Ricci potential /, a holomorphic volume form T satisfying (2.15) will be said to be associated to the pair (g, /).
Remark 2 (Scaling effects on T). -Scaling a gradient Kahler Ricci soliton g by a constant produces another gradient Kahler Ricci soliton and adding a constant to / will produce another Ricci potential for g.
If T is associated to (#,/), then, for any real constants A > 0 and c, the reform Ànec T is associated to ;A2 9, f+2c). Writing Z -X -iY -X -i JX, it follows that, in addition to X being the one-half the gradient of /, the vector field Y = JX is ^-Hamiltonian. Thus, the flow of Y preserves ft.
Since Z is holomorphic by Proposition 1, the flow of Y also preserves the complex structure on M.
Hence, Y must be a Killing vector field for the metric g. Thus, a gradient Kahler Ricci soliton that is not Ricci-flat always has a nontrivial infinitesimal symmetry. Proof -Since Z is holomorphic, its singular locus (i.e., the locus where it vanishes) is a complex subvariety of M. However, since this locus is also the zero locus of Y = -Im(Z), which is a Killing field for g, this locus is a submanifold that is totally geodesic with respect to g. In particular, it must be smooth and hence nonsingular as a complex subvariety.
• 
In particular, in view of (2.19) and (2.18), '2.25
as claimed.
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The interpretation of R(g) + |V/|2 as the T-divergence of Z seems to be new. In fact, for any gradient Ricci soliton g (not necessarily Kahler) with Ricci potential /, one has the identity (2.26) x<< (e-^ dvolg) = 2ft v<<<dvolg .
where R(g) + | V/|2 = 2h is a constant. This points out the importance of the modified volume form <<dvolg in the general case. In a sense, this constancy can be regarded as a sort of conservation law for the Ricci flow. Note that, since A/ = R(g), this relation is equivalent to the equation A0(e^) = 2ft e'.
2.4.
Examples. -The associated holomorphic objects constructed so far make it possible to simplify somewhat the usual treatment of the known explicit examples.
The following examples will be useful in later discussions in this article.
Example 1 (The one-dimensional case: Hamilton's cigar). -Suppose that M is a Riemann surface. Then T is a nowhere vanishing 1-form on M and Z is a holomorphic vector field on M that satisfies d(T(Z)) = ftT, where ft is a constant. There are essentiallv two cases to consider.
First, suppose that ft = 0. Then T(Z) is a constant, say T(Z) = c. If c = 0, then Z is identically zero, and, from (2.20) it follows that, in special coordinates z -(z1) the real-valued function g11 is constant. In particular, in special coordinates g = ^nld^1!2, so g is flat.
If c 7^ 0, then Z is nowhere vanishing and, after adjusting T and the special coordinate system by a constant multiple, it can be assumed that c = 2, i.e., that T = dz1 and Z = 2 0/dz1. Then (2.20) implies that g11 = z1 + z1 + C for some constant C. By adding a constant to z1, it can be assumed that C = 0, so it follows that, in this coordinate system '2.27 9 = Idz1 |2 <où^$**** Since M is supposed to be simply connected, one can take z1 to be globally defined.
Thus M is immersed into the right half-plane in C in such a way that g is the pullback of the conformal metric defined by (2.27). Of course, this metric is not complete, even on the entire right half-plane. Suppose that such a metric g is given on Cn. (One could do this analysis on any U(n)-invariant domain in Cn, and Cao does this, but I will not pursue this more general case further here.) The group U(n) must preserve the associated holomorphic volume form T up to a constant multiple and this implies that T must be a constant multiple of the standard volume form dz1 A • • • A dzn. Since T is only determined up to a constant multiple anyway, there is no loss of generality in assuming that T = d^1 A -• -Adzn. Furthermore, the vector field Z must also be invariant under U(n), which implies that Z must be a multiple of the radial vector field. Since d(Z-"T) = h T where h is real, it follows that
Now, the condition that g be rotationally invariant with associated Kâhler form closed implies that
for some function a of r = \z1\2+'"+\zn\2 that satisfies ra'(r)+a(r) > 0 and a(r) > 0 (when n > 1). Thus G = logi a{r) n-l. ra'(r)+a(r)) in this coordinate system. Now, the identity G = -/, the equation (2.16), and the above formula for the coefficients of ft, combine to yield :2.36
Supposing that n > 1 (since the n = 1 case has already been treated), it follows that G + h 2 •ra(r) must be constant, i.e., that (2.37; ai r n-l [ra(r) << <^* t(h/2)ra(r) = a (o: n Upon scaling T by a constant, it can be assumed that a(0) = 1, so assume this from now on. Also, one can assume that h is nonzero since, otherwise, the solution that is smooth at r = 0 is simply a(r) = a(0) = 1, which gives the flat metric.
The ODE (2.37) for a is singular at r = 0, so the existence of a smooth solution near r = 0 is not immediately apparent. 
Now, F has a power series of the form Fib) = 0 n bn 1 + n n+1 6 + ." , so F can be written in the form F(b) ww 1 n www n for an analytic function of the form f(b) = w (1 + 1 n+1 w^*mm The analytic function / is easily seen to satisfy fib) > 0 for all b and to satisfy the limits In particular, / maps R diffeomorphically onto (-vn!, oo) and is smoothly invertible.
Since (2.39) is equivalent to x<<< n ^*ùù h 2 r n 1 when ft > 0 it can be solved for r > 0 by setting Hr) = f-X h K2 r ), yielding a unique real-analytic solution with a power series of the form
Consequently, when ft > 0, the solution b is defined for all r > 0 and is positive and strictly increasing on the half-line r > 0. In particular, the function
is a positive real-analytic solution of (2.37) that is defined on the range 0 < r < oo and satisfies ra'(r) + a(r) = b'(r) > 0 on this range, so that the expression (2.35) defines a gradient Kahler Ricci soliton on Cn. An ODE analysis of this solution (which Cao [2] does) shows that when ft > 0 the resulting metric is complete on Cn and has positive sectional curvature.
When ft < 0, the solution b(r) only exists for r < -^ y/n\. It is not difficult to see that the corresponding gradient Kahler Ricci soliton on a bounded ball in Cn is inextendible and incomplete.
Chau and Schnürer [7] have shown that Cao's example is stable in a certain sense and hence is 'isolated' in an appropriately defined neighborhood in the space of Kähler-Ricci solitons on Cn.
Potentials and local generality
In this section, the question of 'how many' gradient Kahler Ricci soliton metrics could give rise to specified holomorphic data (T, Z) on a complex manifold M will be considered. While this question is not easy to answer globally, it is not so difficult to answer locally.
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Thus, throughout this section, assume that a complex n-manifold M is specified, together with a nonvanishing holomorphic volume form T on M and a holomorphic vector field Z on M such that d(Z -j T) = hT for some real constant h.
Local potentials. -Suppose that U C
M is an open subset on which there exists a function <j> such that 0 = ^ dd(j) is a positive definite (1, l)-form whose asso ciated Kàhler metric g is a gradient Ricci soliton with associated holomorphic data T and Z and Ricci potential f.
By (2.16),
;s.i)
By decomposition into type, it follows that 
as well as the equation
Conversely, if 0 is a strictly pseudo-convex function defined on a p-neighborhood U that satisfies both (3.4) and (3.5), then the Kahler metric g whose associated Kahler Proof -The first step in the proof will be to construct a special set of local 'flowbox' coordinate charts adapted to the hypersurface H, the holomorphic form T, and the holomorphic vector field Z.
To begin, note that, since, by hypothesis Z p does not lie in T p H C T P M for all p G H, the (n-l)-form Z-<T is nonvanishing when pulled back to H.
Since H is embedded in M, there exists an open neighborhood U C M of V C H with the property that U fl H = V and so that each complex integral curve C C M ( 4 ) Notation: If P C Q is a submanifold, and is a differential form on Q, I use P*<f> to denote the pullback of to P.
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of Z that meets U does so in a connected open disk U fl C that intersects H in a unique point. Consequently, there exist unique holomorphic functions 22,...,zn on U satisfying dz2{Z) = ... = dzn(Z) = 0 and V*(zj) = wJ for 2 < j < n. Moreover, there exists a unique function z on U with the property that z1 vanishes on V = U fl H and so that U*T = dz1 Adz2 A---Adzn. Since the functions z1,..., zn have independent differentials on U, it follows that by shrinking V (and hence 17) if necessary, it can be assumed that (U, z) is a p-centered holomorphic coordinate chart whose image z(U) C Cn is a polycylinder of the form z{\ p% for some p1,..., pn > 0. By shrinking p1 if necessary, it can be arranged that w<<< > 0.
By Finally, consider the initial value problem for a function 0 on a neighborhood of R in U given by the real-analytic PDE :3.7 det d2<t> dzidzi )e*d* << = l subject to the real-analytic initial conditions
It is easy to check that (3.7) and (3.8) constitutes a noncharacteristic Cauchy problem. Hence, by the Cauchy-Kovalewski Theorem, there exists an open neighborhood W C U containing R on which there exists a solution <j) to this problem. Now, the solution <f> produced by the Cauchy-Kovalewski Theorem is real-analytic and strictly pseudo-convex. By uniqueness in the Cauchy-Kovalewski Theorem, 0 is the unique real-analytic solution. Since, as has already been remarked, elliptic regularity implies that any strictly pseudo-convex solution of (3.7) must be realanalytic, it follows that (j) is the unique solution of (3.7) that satisfies (3.8) .
By its very construction, the (1, l)-form Q = ^dd(f) is then the Kahler form of a gradient Kahler Ricci soliton metric on W C U that satisfies V*Q, = V*fio> that has W*Y and W*Z as the associated holomorphic volume form and vector field, respectively, and has / = ^d^tX) as Ricci potential, which, of course, satisfies V*f = V*f0. The argument thus far has shown that every point p G H has an open neighborhood C/cMon which there exists a gradient Kàhler-Ricci soliton gu with the desired extension properties and associated holomorphic data. It has also shown that this extension is locally unique. Now a standard patching argument shows that there exists an open neighborhood U C M of the entire complex hypersurface H on which such an extension exists and is unique in the sense described in the statement of the theorem.
• Remark 5 (Local generality). -Theorem 2 essentially says that the local gradient Kahler Ricci solitons depend on two real-analytic functions of 2n-2 variables, namely the potential functions (which is assumed to be strictly pseudo-convex but otherwise arbitrary) and /o (which is arbitrary). There is, of course, some ambiguity in the choice of the holomorphic coordinates zl, but this ambiguity turns out to depend on essentially n-2 holomorphic functions of n-l holomorphic variables, which is negligible when compared with two arbitrary (real-analytic) functions of 2n-2 real variables. In local coordinates z = [z1) centered on p, if
where, by assumption ZJ (0) = 0 for 1 < j < n, then (0)) is a multiple of the identity matrix and (iWO)) is diagonal.
• Proof. -Let p G M be a singular point of Z. The diagonalizability of the linear part of Z at a singular point and the reality of the corresponding eigenvalues has already been demonstrated, so all that remains is to show that Z is linearizable near p.
To do this, write Z = X -iY where X and Y are, as usual, real vector fields. As has already been remarked, the vector field Y is an infinitesimal isometry of g. In particular, the flow of Y is complete in the geodesic ball Br(p) for some r > 0 and is a 1-parameter group of isometries of the metric g restricted to Br (p) that fixes the center p. It follows that there is a compact, connected abelian subgroup T C U(TPM) whose Lie algebra is an abelian subalgebra t C u(TpM) that contains Yp' : TPM -> TPM, the linearization of Y at p and is such that the 1-parameter subgroup exp(tYp') is dense in T.
Let $ : T -> Isom (Br (p), g) be the homomorphism induced by the exponential map, i.e., such that 
on C2, each of the parabolas ¿2 _ c/zl\2 = o for c G C is tangent to Z and the imaginary part of Z has period An on all of C2, so each could be regarded as N±.
On the other hand, the line z1 = 0 is the only curve that could be regarded as N2, since this is the union of the 27r-periodic points of Y.
Remark 9 (Existence at singular points). -Example 2 shows that diagonalizability with real eigenvalues is sufficient for a linear vector field to be the linear part of a vector field associated to a (locally defined) gradient Kahler Ricci soliton. 
%2T
G + z1 dG dz1 = F.
Because G satisfies (3.27), the function w1 = z1G(z) satisfies
Moreover, since G is Zh-invariant, the function w1 satisfies Lzh w1 = hiw1. Proof -The first part of the proposition follows by computation, so nothing more needs to be said. It remains to establish the converse statement.
Thus, consider a gradient Kahler Ricci soliton g defined on a Th-invariant, contractible neighborhood U of 0 G Cn with Ricci potential / satisfying /(0) = 0 whose associated holomorphic volume form and vector field are T = dz and Z^, respectively.
The metric g will necessarily be invariant under Th, as will its associated Kahler form Q,. Since Qn = n\\n2 2~ne~f T A T, it follows that /, too, must be invariant under Th.
On U, there will exist some Kahler potential <j> so that Q = ^ddcj). By averaging <f> over Th, it can be assumed that <j> is Th-invariant. By subtracting a constant, it can be assumed that (f)(0) = 0.
As has been already noted in § 3.1, the difference F = 2/ -d^(Zh) is a holomorphic function on U. By construction, F is also necessarily Th-invariant and vanishes at 0. Since 6 is Th-invariant, it follows that w<< ^*ùù = 0. Thus F = 2/ -(ty(Zh) = 2/ -d0(Xh) is real-valued and holomorphic and therefore constant. Thus, F vanishes identically, i.e., / = l 2 d(j> Xh). Now, however, by construction, (j) satisfies (3.30) and, since (j) is invariant under the flow of Fhj it also satisfies (3.31).
• Example 5 (Existence with prescribed h). -By considering Example 2, one sees that, for any h, there is a sufficiently small ball around the origin on which there is at least one strictly pseudo-convex solution <j> to (3.30).
3.3.5.
A boundary value formulation. -Suppose now that 0 is a strictly pseudoconvex solution of It then follows, by the implicit function theorem, that any Th-invariant function tp on dD that is sufficiently close (in the appropriate norm) to (p on 3D is the boundary value of a unique pseudo-convex solution <j> of (3.30) that is near </ > on D. The uniqueness then implies that <j) must also be Th-invariant and so must, in particular, satisfy (3.31).
Note that the metric g does not always uniquely determine <t> by the construction given in Proposition 8 since one can add to <j> the real part of any Th-invariant holo morphic function that vanishes at 0 G Cn. (Depending on h, there may or may not be any nonconstant Th-invariant holomorphic functions on a neighborhood of 0 G Cn.) However, this ambiguity is relatively small. Thus, local gradient Kahler Ricci solitons near 0 G Cn with prescribed holomorphic data (Z, T) = (Zh,dz) do exist and have a 'degree of generality' that depends on the number k. The most constraints appear when k reaches its maximum value n and the least when k reaches its minimum value 1.
Poincaré coordinates in the positive case
Throughout this section, M will be a noncompact, simply connected complex man ifold and g will be a complete gradient Kahler Ricci soliton with postive Ricci cur vature. Moreover, it will be assumed that the scalar curvature R(g) has at least one critical point. Since R(g) + 2|Z|2 = 2h and since R(g) > 0, it follows that \Z\ < \/ft, so that Z has bounded length. In particular, writing 4>"{t) = 2Ric(9)(V/(7(i)), V/(7(i))) > 0, so <j) : R -> R is strictly convex and increasing. It follows that 0 increases without bound along 7. Since V2/ is positive definite, the critical point p is a source singularity of the vector field V/. Let C/cMbe the open set that consists of p and all of the points q in M whose at-limit point under V/ is equal to p. Since / strictly increases without bound on each integral curve of V/, it follows that / maps each integral curve of V/ that lies in U diffeomorphically onto (0, 00). Moreover, for each c > 0, the set /_1(c) fl U is compact and diffeomorphic to 52n_1. Indeed, / : U -• [0,00) is proper. Now suppose that U ^ M. Then, by the connectedness of M, there exists a point q £ M \ U that is not in the interior of M \ U, i.e., a point q 0 U such that there exists a sequence qi G U that converges to q. This implies, in particular, that f(qi) > 0 converges to f(q) = c. Thus, c > 0 and, for i sufficiently large, qi must lie in /_1([0,c+l]) fl U, which has been shown to be compact and must therefore contain its limit points. Thus q lies in /-1([0,c+l]) fl U, although, by construction, q £ U. Thus, U = M and / is proper, as claimed.
• However, as will be seen in Theorem 3, one has the stronger result that M is biholomorphic to Cn.
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Remark 11 (M is Stein
The following result, also known to Cao and Hamilton, (5) gives constraints on the rate of growth of the Ricci potential.
Lemma 2 (Growth of /). -Let p be the critical point of R(g) and let f be the Ricci potential, normalized so that f(p) = 0. There exist positive constants c\ and c<i such that, for all x G M,
(4.4 1 -h (ci d(x,p] \2 -1 < fix) < c2d(x,p).
Proof -Since g is complete, there exists a geodesic joining p to x whose length is d(p, x). Let a : R ->• M be such a unit speed geodesic with a(0) -p and a(s) = x such that d(p, x) = s.
Consider the function (j)(t) = /(a(t))
. By the Chain Rule, and the fact that a has unit speed,
</>'(*) = Vf(a(t)) • a'(t) < |V/(a(t))| < y/2h.
Since 6(0) = 0, it follows that /(*) = /(«(«)) = 4>(s) < V2hs. Thus, one can take C2 = V2h. For the other ineaualitv, note that, again, bv the Chain Rule, 
1] <f>"(t)>\min(g)(a(t))>0c<<.xw
In particular, 0 is a convex function on R.
Let 7*0 > 0 be sufficiently small that it is below the injectivity radius of g at p and sufficiently small that Xmm(g)(y) > ^Amin(^)(p) for all y lying within Bro(p).
Let a= \ Xmin(g)(p) > 0. where Amax(<7) ' M -•> R is the maximum eigenvalue function for Ric(p). Since g is Kahler, the eigenvalues of Ric(#) occur in pairs and, since Ric(#) > 0, it follows that Amax(^) < \R{g). In particular, by Proposition 4, one has the more explicit inequality Moreover, it is clear that, as s -• 0+, the quantity on the right hand side of (4.14) has Amin(g)(0) > 0 as a lower bound for its infimum limit. Thus, the infimum limit of (f>"{s) as s -> 0+ is positive.
From these relations, several conclusions can be drawn. The function </ > is increasing and strictly convex up on (0, oo). On the other hand, since (j)' is bounded above, it follows that </ > grows at most linearly. Moreover, there must be a sequence of distances -> oo such that (b"(sk) -• 0. Since, by (4.14) Now, by hypothesisw<<is locally invertible, with, say, a local inverse<<<(V,0) -> (Cn,0). However, by construction, cxx preserves Z, so, by the argument given above, << is also a polynomial mapping and hence extends to a global polynomial mapping 7T : (Cn,0) -> (Cn,0). Since ^ o TT : (Cn, 0) -> (Cn,0) is a polynomial mapping that is the identity on some neighborhood of 0, it must be the identity everywhere on Cn. In particular, 7r is the global inverse of tj) extended to Cn, which is now revealed to be an element of Gh, which is what needed to be shown.
Finally, it is clear that, for any i and any choice of constants clk G C for (i, k) such that k G Zn satisfies kj > 0 for 1 < j < n and k • h = h*, the formula (4.23) defines a polynomial wl that satisfy Lz wl = hiW1.
Moreover, for any choice ofw<<constants c = (c£) where (z, k) satisfies k G Zn with kj > 0 for 1 < j < n and k • h = hj, the corresponding collection of functions wl satisfies
where F is a polynomial of degree n in the d parameters clk G C. As long as F(clk) ^ 0, the polynomial mapping ipc = (wl) is a local (and therefore global) biholomorphism of Cn that preserves Z and hence lies in Gh-Thus, the clk define global holomorphic coordinates on Gu that embed it into Cdh as an open set.
• Proof -Since Z = \ (V/ -i J(V/)), and since hi > 0 for 1 < i < n, it follows that J(V/) is periodic of period 2ir/hi on the z*-axis. Moreover, since / increases without bound as \zl\ -• 00, this axis meets each level set f~x(c) for c > 0 in a circle. Thus, there are at least n distinct periodic orbits of J(V/) within each such level set. Proof -Since M = Cn, there exists at least one Kahler potential (j) for g, i.e., such that f] = ^ ddcj). Since Th is compact, by averaging (j) over Th, one can assume that (j) is Th invariant and by adding a constant, one can assume that 0(0) = 0.
If (j) were also Th-invariant and satisfied = ^ dd<j>, then the difference 0 -0 would be the real part of a Th-invariant holomorphic function H. In particular H would be Moreover, since / is strictly convex up at the origin, the Hermitian form fijZlP is positive definite. Thus, by making a linear change of variables that preserves Z (i.e., by applying a transformation in GL(n, C) fl Gh), it can be arranged that
w<< \zn |2 <p^ùm z\3 I.
Next, consider the part of / that is pure in z or z, i.e., consider the expansion where /k G C and fij = fji vanishes at z = 0. The invariance of / under the flow of Y implies that fk = 0 for all k, so these 'pure' terms do not appear after all.
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Finally, consider the part of the remainder that is linear in the variables z% or z% and vanishes at z -0 to order at least 3, i.e., write
where Ql(z) is a holomorphic function of z that vanishes to order at least 2 at z = 0
and fijkl -fjikl -fijlk fklij' Again, the fact that / is invariant under the flow of Y implies that Q% must satisfy Lz Ql = hiQ1, i.e., that Ql has an expansion of the form This transformation belongs to Gh by definition and satisfies
for some functions f~h1 with the same symmetry and reality properties as the corre- • Remark 16 (Geodesic axes). -The reader might wonder whether or not the hypothesis of hi having no 'supermultiples' is necessary in order for the /^-eigenspace of Zh in Cn to be totally geodesic.
The answer is clearly 'yes' in general Z-linearizing coordinates: For example, if n = 2 and h = (1, k) for some integer k, then, any of the curves z2 = \(zl)k could be taken to be the ^1-axis in Zh-linearizing coordinates. They all have the same tangent space at the origin, so at most one of them could be geodesic for a given gradient Kahler Ricci soliton g defined near 0 G C2 with associated holomorphic vector field Z^.
However, if one uses ^-normalized coordinates as provided by Theorem 4, there is a canonical CMi C Cn associated to the eigenvalue hi of multiplicity fii by the equations *J = 0 when hj ^ hi. It is still not clear to me whether this canonical subspace is totally geodesic unless hi satisfies the 'no supermultiples' condition. In particular, it follows that, for t > 0. Proof. -Suppose these bounds do not hold and let R > 0 be fixed large enough so that there exist positive constants a\ and a2 where either a2 < 2n or else a\ > 2n and positive constants b\ and bo so that In particular, note that this implies A_ < 2hn < 2h.
Remark 18 (Growth of the potential 0). -Let <f) be the Th-invariant potential for g, i.e., ft = ^ ddcf), and assume that (j) is normalized so that (f)(0) = 0.
Since l_v/ <t> = /, it follows that (j) is determined in terms of / and that Corollary 4 implies growth bounds for </ > as well. For example, one sees that there exist positive constants r, ci, and c2 so that, whenever \z\ > r, one has (4.65) ci [log M 2 <www$*ù <c2 log 1*1 ,2 <ww
It should be possible to derive C -bounds on <p (and hence on g) using the fact that </ > satisfies an elliptic Monge-Ampere equation, but I do not see, at present, a good way to do this so as to get any useful information.
The toric case
In this last section, some remarks will be made about the reduction of the gradient Kahler Ricci soliton equation in the 'toric' case, which will now be defined.
Throughout this section, Tn will denote the maximal abelian subgroup of U(n) that consists of diagonal matrices. Although there is no symplectic form specified on Cn, the mapping un : Cn -+ Rn defined by ( 
5.1
Hn z1 ^ùmm x<< (I*1! 2 ,\zn 2 will sometimes be referred to as the 'momentum mapping' of Tn.
Definition 4 (Toric metrics). -A Tn-invariant Kahler metric g that is defined on a connected
Tn-invariant open neigborhood of 0 6 Cn will be said to be toric.
Remark 19 (Toric ubiquity). -While, at first glance, the toric condition seems to be rather special, note that any gradient Kâhler Ricci soliton g on a neighborhood of 0 € Cn that has (Z, T) = (Zh,d*) as its associated holomorphic data is invariant under the torus Th-If h is 'generic' in the sense that the real numbers hi,..., hn are linearly independent over Q, then Th = Tn and hence g is toric.
Thus, in some sense, the toric case is 'generic' among complete gradient Kàhler Ricci solitons with positive Ricci curvature. Let / be the unique Tn-invariant Ricci potential for g that satisfies /(0) = 0 and let T be a holomorphic volume form associated to g and /. Since T is uniquely determined up to a complex number of modulus 1, it follows that, under the action of Tn, T must transform multiplicitively by a character of Tn. It then follows easily that T = cd* for some nonzero constant c.
Let (f) be the unique Tn-invariant Kahler potential for g that satisfies (j)(0) = 0. As has already been remarked, (j) is real-analytic and so can be expanded as a convergent power series in the variables z% and z\ However, Tn-invariance evidently implies that this power series can be collected in terms of the quantities r% = \zl\2. Thus, the existence of a function u satisfying (5.2) follows.
R. BRYANT
As argued in § 3.2, the quantity 2/ -<9</>(Zh) is a holomorphic function on a neighborhood of 0 G Cn. By construction, it, too, is Tn-invariant and vanishes at 0 G Cn, which implies that it vanishes identically. Thus, 90(Zh) = d^(Xh) = 2f.
The rest of the argument follows by substituting the formula (5.2) into (3.4), multiplying by r1 • • • rn, and rearranging terms, which gives (5.3).
Note that the stated positivity conditions on the first derivatives of u are needed in order that the corresponding <j> be strictly pseudo-convex in a neighborhood of 0 G Cn and the relation with |c|2 follows by computing the coefficient of r1 • • • rn in the power series expansion of the left hand side of (5.3). Proof. -For the sake of clarity, write t = rn and let the lower case latin indices run from 1 to ra-1. Then after dividing both sides of (5.3) (with |c| = 1) by r1 • • -r""1 and the exponential factor, this equation takes the form (5. 7 det
ù^$** w<< 2 tut 1 -1 2 m -1 o^mm x<< du p^ùm w
Note the first crucial aspect of this equation, which is that the t-derivatives of u occur as either tut or t(tut)t = (tdt)2u, i.e., as the 'regular singular' versions of the t-derivatives at t = 0.
Expanding the left hand side of (5.7) along the last column shows that this equation can be written in the form sverywhere transverse. The difference, of course, is that Corollary 5 addresses a singular initial value PDE problem that is, in many ways the analogue of the sort of ODE problem one encounters in the theory of regular singular points of ODE. Because the generalization of the ODE concept of 'regular singular point' to the :ase of PDE is very delicate (cf. the book of Gerard and Tahara), it is somewhat remarkable that this theorv actuallv applies in this case. << dp' A---A dp".
Thus, on R2n+1 with coordinates u,pl,Ui, if one defines the contact form (5.17 6 = du -Ui dp* and the closed ^-primitive (7) n-form 
